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i. Intnxiuctioii
riic D o k s h i tz c r - G r ib o V 'L ip a to v - A l ta r e l l i 'P a r i s i  (D G L A P )  
oqiiiiiions ( I ]  a rc  th e  ba.sic to o ls  to  s tu d y  th e  e v o lu tio n  o f  
ihc M iuclurc fu n c tio n s . In  re c e n t y e a rs , e v en  a t lo w  th ese  
e q u a tio n s  h a v e  b e e n  e x p l o r e d  w i th  i m p r e s s i v e  
phenom eno log ica l su c c e s s  in th e  d o u b le  a sy m p to tic  sc a lin g  
limit (21. T h u s  e v e n  th o u g h  B a li ts k y -F a d in -K u ra c v -L ip a to v  
iB[ KL) [3] o r  G r ib o v -L ip a io v -R y sk in  (G L R ) [4] e q u a tio n s  a re  
theorclically m o re  a p p e a lin g  at lo w  x, D G L A P  e q u a tio n s  a re  
Miiiplc p e r tu rb a tiv e  to o ls  w h ic h  a re  re le v a n t fo r  th e  p re se n tly  
'a c ss ib le  x -  ra n g e  o f  s tru c tu re  fu n c tio n s .
In re c e n t y e a rs , a p p ro x im a te  so lu tio n s  o f  th e se  e q u a tio n s  
have been p u rsu e d  a t lo w  [ 5 , 6 ] as  w e ll a s  a t h ig h  [7 ,9 )  x. In  lo w  
t version o f  th e  fo n n a l is m , T a y lo r  sc r ie s  e x p a n s io n  w a s  u se d  to  
<-onvert th em  in to  a  se t o f  p a r tia l d if fe re n tia l e q u a tio n s  in  x ( th e
Bjorken v a riab le )  a n d  t =  In ( - ^ ) -
O ne o f  th e  l im ita t io n s  o f  th e  a p p ro a c h  is th a t th e  so lu tio n s  
J i^^portcd arc  n o t u n iq u e  |5 ,  6 ]. T h e y  a rc  s e le c te d  a s  th e  s im p le s t 
w ith  a  s in g le  b o u n d a ry  c o n d i t io n - th e  n o n -p e r tu rb a tiv c  jc 
Jisiribu tion  a t s o m e  in itia l p o in t t =  H o w e v e r , c o m p le te  
'solution o f  D G L A P  e q u a tio n s  w ith  tw o  d if fe re n tia l  v a r ia b le s  in 
general n e e d  tw o  b o u n d a r y  c o n d i t io n s  [1 0 ] . B e s id e s  th e  
I^f>rmalism w as te s te d  o n ly  in  th e  b a s is  o f  c le c tro n /m u o n -p ro lo n / 
^ c u te r o n d a ta [ I M 5 ] .
Corresponding A uthor.
R e c e n tly , th e  u n iq u e n e s s  p ro b le m  lo r  th e  n o n - s in g le t  
s tru c tu re  fu n c tio n s  a t lo w  x h a s  b een  re p o rte d  116]. T h e  a im  o f 
th e  pre.sent p a p e r  is to  m ak e  a  s im ila r  a n a ly s is  in th e  h ig h  x 
d o m a in  an d  ap p ly  it in  n e u tr in o  s tru c tu re  fu n c tio n  xP\(x\ Q^ ) 
[17>20].
T h e  a p p ro x im a te  so lu tio n  ol D G L A P  eq u a tio n s  valid  at high  
X (x > O .l)  h a d  b e e n  fo rm u la te d  |7 | .  l .a te r  o n , a lte rn a tiv e  
a p p ro x im a te  so lu tio n s  w ere  a lso  rep o rted  (9 |.  W h ile  the fo rm er 
so lu tio n  w as o b ta in e d  fro m  p la u s ib le  fo rm  o f  tria l so lu tio n s  and 
th en  sh o w n  to  h av e  v a lid ity  fo r a > 0 . 1 at the  S L A C -M IT  ran g e  
1 1 1 1 p h en o m en o lo g ica lly , the la ter one  w as by co n stru c tio n  valid  
o n ly  lo r  A' >  .47. It w ill be w o rth w h ile  to  s tudy  the  re la tiv e  m erits  
o f  th e se  (w o in the  a n a ly s is  of SP\. T h is  is a lso  an a im  o f  the 
p re se n t p ap er.
T h e  G ro ss-L iew c lly n  S m ith  (G L S ) Sum  R ule p rov ides one o f 
th e  im p o rta n t c o n s tra in ts  on  the  s tru c tu re  fu n c tio n  Q^ ), 
In  re c e n t y e a rs , th e re  h av e  been  in ten se  e x p e rim e n ta l (1 7 -2 0 ) 
an d  theo re tica l w o rk s [22 -24) on  the  G L S  su m  rule. In  th is paper, 
w e  w ill u se  th e  su m  ru le  to  s u g g e s t  th e  (^ L e v o lu tio n  o f  
xF^(x, Q^) in  th e  e n tire  .v-rangc.
A  n u m b e r o f  re c e n t p ap e rs  h av e  d isc u sse d  p o w e r c o rrec tio n s  
to  th e  n o n -s in g lc l s tru c tu re  fu n c tio n s  an d  sum  ru le s  u s in g  th e  
la n g u a g e  o f  in fra red  re n o n n a lo n s  [2 5 -2 7 ]. P h en o m en o lo g ica lly , 
it a p p e a rs  th a t th e  c o rre c tio n s  c o m p u te d  in th is  w ay  p ro v id e  a 
g o o d  g u id e  to  th e  fo rm  o f  th e  h ig h e r  tw is t (H T ) c o n tr ib u tio n s  
o b se rv e d  e x p e rim en ta lly . H ig h e r tw is t co n tr ib u tio n s  to  xF^ h av e
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a lso  b een  estim a ted  p h en o m en o lo g ica lly  128] w h ich  w e w ill g ( / ) ,  R{x,t, ) an d  P{x) a re  d e fin ed  as
in co rp o ra te  in  o u r resu lt.
Q(x,l) = t,
R(x,t,F'^^) = R'(x)F'^^(x,t), (K,
w ith  /? '( a ) =  A j [ 3 + 4 1 o g ( l - A : ) + ( j i - l ) ( j r  +  3)] (ij.
In S ec tio n  2 w e d e v e lo p  th e  fo rm a lism  w h ile  S ec tio n  3 
co n ta in s  the resu lts . S ec tio n  4  is d ev o ted  to  th e  c o n c lu s io n  and 
com m ents .
2. Fornialisin
2. /  Non-singlet structure function at high x :
T h e  D G L A P  eq u a tio n  fo r n o n -s in g le t s tru c tu re  fu n c tio n  w h ich  
ev o lv e  in d ep en d e n t o f  s in g le t and  g lu o n  d is trib u tio n s  can  be 
w ritten  w ith  the  ex p lic it fo n n  o f  sp littin g  kerne l in the first o rd e r fo llo w in g  au x ilia ry  sy s tem s o f  o rd in a ry  d iffe ren tia l equaiums 
o f  a ,  as
a n d  P(x)- — AfX(x-\)(x^^’^ x ^ 4 ) .
( 10)
T h e  g e n e ra l so lu tio n  o f  (6 ) is o b ta in e d  by solv ing ih^
dF^'
dt
=  — [(3 + 4  log  (1 - j r ) ) F ^ ‘^ (jr,r)




dF ^\x , t) 
P(x)~ Q{t)~ R(x,t,F'^Ux,t))
«(.r, r, F ' '^ )  =  C,




w here 1 -  l o g |^  - j  a n d ~ b e in g  th e  n u m b er arc tw o  in d ep en d en t so lu tio n s (C p  C , b e in g  arb itra ry  constanhi
_ _ __i n . . ____  ^ /  1 1 \  t A r t  rrArtf»«*o1 /-tf" it?o f  q u ark  flavours.
L e t us in tro d u ce  the  v a riab le  u -  \ -  z and  no te  tha t
k^ {)
(2)
o f  ( 1 1 ), then  g en era l so lu tio n  o f  (6 ) is 
/ ( m, v ) =  (),
w h e r e / i s  an a rb itra ry  fu n ctio n  o f // and  v.
T h e  au x ilia ry  sy s tem  ( I I )  has th ree  eq u a tio n s  :
(14)
T he ab o v e  scries is co n v e rg en t fo r I m I < I . S in ce  jc < z < L so 
0  <  M <  1 ~  jc an d  h en ce  th e  co n v e rg e n c e  co n d itio n  is sa tisf ied . 





, (3) P{x) R(x,t,F^^)
w hich  c o v e rs  th e  w h o le  ra n g e  o f  m, 0  <  w <  1 -  jc.
E q. (3 ) c o n ta in s  tw o  in fin ite  series  -  one  in x and  th e  o th e r in 




S o lu tio n s  o f  ( 15 ) an d  (1 6 ) a re
11.“^!
( I ( ) |
(I7i
x^ j  d'F'^Hxj) 
/! d x ‘ (4)
In  (4 ), th e  sm all e x p an s io n  p a ra m e te r  is  xu ra th e r  th an  x. 
A ssu m in g  th a t th e  h ig h e r  o rd e r  d e r iv a tiv e s  o f  n o n -s in g le t  
s tru c tu re  fu n c tio n s  a re  n o n -s in g u la r  as  jt ->  | , (4 )  can  fu r th e r 
b e  red u ced  to
ax (5)
u(x, ) =  r X '^^(Ar), (IS)
v ( x ,f ,  F^^) = F ^ \x , t )  Y'^^(x),
w ith (201
a n d (21)
P u ttin g  (5 ) in  (1 )  a n d  p e rfo rm in g  th e  in teg ra tio n , o n e  h as
S o lu tio n  o f  (1 7 ) is  in g en e ra l n o t p o ss ib le  s in ce  it requires 
th e  ad d itio n a l in fo rm a tio n  o f  ex p lic it x an d  t d ep en d en ce  o f 
(x, f).
dr dx T h e  g en era l so lu tio n  o f  ( 6 ) lin e a r  in  F^^{x, r) is
u{x,t) + a v ( x , t ,F ^ ^ ) ^ P ,  (2 2 )
a.p being  a rb itra ry  c o n s ta n ts .
The p h y sica lly  p la u s ib le  b o u n d a ry  c o n d itio n s  fo r  n o n -s in g ic t 
structure fu n c tio n s  a re
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w h ic h  is th e  u n iq u e  p re d ic tio n  o f  r-e v o lu lio n  a t h ig h  x w ith in  
t h e  p re se n t fo n n a lism .
F^Hx,t)=F'^^ix,t„)
tor som e l o w /  =  f() a n d
(23)
(24)
t^,X'^^{x) + (xF^^^x,tQ)Y^^{x) = P 
and p.
winch leads to
F ^ ^x . t)




Explicit fo rm  o f  X’(jc) is
X(A) = e x p  ' l o g ( l - A )
3log(jr) log(jr^+ .I + 4 '
4  i a
tn .. -1
^ - X ( l ) '  - X ( x ) '
(29)
2 .2  Previous models:
In  th is sec tio n , w e su m m arise  th e  ap p ro x im a te  fo rm  o f  n o n -s in g le t 
s tn ic tu n e  fu n c tio n s  o f  R e fs . |71 an d  [ 8 ].
A ssu m in g  th e  fa c to r iz a b ili ty  o f  s tru c tu re  fu n c tio n  F ^^(jc, t) 
in  x a n d  t, so lu tio n  o f  eq . (1 )  h a s  th e  s tru c tu re  [7)
[oj any /. W h ile  th e  f i r s t  o n e  c o r re s p o n d s  to  a  n o n -p e r tu rb a tiv e  w h e re  i 
input a t s o m e  lo w  m o m e n tu m  t r a n s f e r ,  th e  s e c o n d  o n e  
Lorresponds to  th e  e x p e c te d  la rg e  (jc - >  1 ) b e h a v io u r  o f  any  
sinicturc fu n c tio n  (s in g le t  a s  w e ll a s  n o n -s in g le t)  a t a n y  sc a le  
lit m om entum  tra n s fe r  c o n s is te n t w ith in  th e  c o n s titu e n t c o u n tin g  
rules 12 9 ,3 0 ].
r. X f L .
U ') =  . ( i + r i
F ^ h x / z )  
f '^^'(v)
(32)
U sing th e  b o u n d a ry  c o n d it io n  o f  (2 3 )  a n d  (2 4 )  in  (2 2 ) , w e
have
L a t ^  [ 8 ], it w a s  sh o w n  th a t i f  th e  tr ia l so lu tio n  is a s su m e d  to  
h a v e  th e  fo rm
^O )
F '" '''( .v, / )  =  F " '’ ( a- . / „ )
NS,
(33)
th e  e x p rm e n t o f  o c c u ir e d  in (3 1 ) a u to m a tic a lly  fo llo w s 
w ith o u t th e  n e c e ss ity  o f  f a c to r i /a i io n  h y p o th e s is .
M o re  re c e n tly  [91, in h ig h  .x a p p ro x im a tio n  (x I) , the  
c o n tr ib u tio n  fro m  th e  in te g ra l I{x) d e f in e d  in (3 2 ) an d  o c c u rre d  
in (3 1 )  is n e g le c te d  le a d in g  to  th e  so lu tio n
y\,[^+4ln(l \)]
(34)
T h u s  w h ile  (2 9 ) p re d ic ts  fall o f  n o n -s in g le i s tru c tu re  fu n c tio n  
w ith  in c re a s in g  /, in d e p e n d e n t o f  sp e c if ic  .v, cq. (3 4 ) on th e  o th e r 
h a n d , p re d ic ts  su c h  a  fa ll w ith  t o n ly  fo r  x < 0 .4 7 . W e w ill m ak e  
p h e n o m e n o lo g ic a l c o m p a r iso n  o f  all th e se  fin d in g s .
(28) 2,3 Application to neutrino scattering :
T h e  a u x i l i a r y  c q .  ( 1 4 )  c a n  a l s o  h a v e  a  s o l u t i o n  
‘ (jc, t, ) in s te a d  o f  u(x, t) d e f in e d  in  (1 7 ) . In  th a t c a se , 
s^»ing the s a m e  p ro c e d u r e  a s  e a r lie r , w e  w ill h a v e
In  te rm s  o f  c o n s t itu e n t q u a rk s  [2 9 ], th e  n o n -s in g le t s tru c tu re  
fu n c tio n  o c c u rre d  in n e u tr in o  sc a t te r in g  is
xF^(x,Q^)~ a [ m ,,(x,Q^) + dJx.Q^)y  (35)
w h e re
aF,(a, ) = x F f i x ,  ) +  xF,‘' ' ( a'. ) , (36)
u , a n d  d , b e in g  th e  v a le n c e  q u a rk  d is tr ib u tio n s  in s id e  th e  p ro to n , 
however X(.«) is  s in g u la r  a t  =  I d u e  to  (2 8 ) . A s  a  re su lt, th e  sa tis f ie s  th e  ev o lu tio n  e q u a tio n  (1 ) an d  h en ce  its  ap p ro x im a te
solution (2 7 )  is  p h y s ic a l ly  u n a c c e p ta b le  in  jc I lim it.
O n th e  o th e r  h a n d , (2 9 )  y ie ld s
0 0 ,
so lu tio n s  (2 9 ) , (3 1 ) , (3 3 )  a n d  (3 4 ) . W e w ill .study th e se  so lu tio n s  
in  c o n te x t to  n e u tr in o  d a ta  [ 17 -2 0 ].
T h e  G ro ss-L lew elly  n -S m ith  (G L S ) S u m  R ule  [ 2 1J p red ic ts the  
in te g ra l o f  J tF , w e ig h te d  b y  1 /x, e q u a ls  to  th e  n u m b e r  o f  v a le n c e
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q u a rk s  in s id e  th e  n u c le o n  ~  th re e  in  n a iv e  q u a rk  m o d e l . W ith  





w h ic h  c a n  be u se d  to  e x tr a p o la te  o u r  re s u lts  b e y o n d  its  la rg e  
an d  sm a ll x  re g im e s .
3. Results
T h e  jc-range e x p lo re d  in C o lu m tia -C h ic a g o -F e rm i L a b -R o c h e s te r  
(C C F R ) e x p e r im e n ts  (1 7 -2 0 ] is o u ts id e  th e  sm a ll x re g im e  w h e re  
th e  n o n - s in g l e t  s t r u c tu r e  f u n c t io n  s h o w s  lo g a r i t h m i c  
d e p e n d e n c e  1 1 6 |. W e th e re fo re ,  c o n f in e  o u rs e lv e s
to  th e  a n a ly s is  o f  th e  C C F R  d a ta  w ith  th e  fo m m lis m  d e v e lo p e d  
in vScclion 2 fo r  h ig h  a .
Figure 2. \ v.v Q' for x S? 0.45 using (31) of the text (dashed curves) 
Dot-dashed curves represent exact result. Inputs are simitar to Figure 1.
Figure 3. x F { ^  vs for a ^  045 using (34) of the text (dashed curves). 
Dot^dashed curves has meaning similar to Figure 1. Input and data are as 
in Figure 1.
In  F ig u re  1 ,2  a n d  3 . w e  p lo t fo r  a  > 0 .4 5  using (
(3 1 ) an d  (3 4 ) o f  the  te x t re sp e c tiv e ly  (d a sh e d  c u rv e s )  and c )^|r|p^^ .^ 
w ith  th e  e x a c t  r e s u l ts  ( d o t -d a s h e d  c u rv e s )  w ith  M R S ! inp^} 
[31 ]. A  c o m p a r is o n  o f  th e s e  f ig u re s  s h o w  th a t th e  prediciion  tH 
(3 4 )  [F ig u re  2 ] in v a r ia b ly  o v e r s h o o ts  th e  d a ta  w h ile  th a t o[ (3 1 , 
[F ig u re  3] g iv e  re a s o n a b le  a g re e m e n t fo r  h ig h e r  .r ( a  > 0  75) P(„ 
(3 0 )  [F ig u re  1 ] a g re e m e n t is  b e t te r  fo r  a >  0 .5 5 , I t sug g ests  
e q . (3 0 )  is p h e n o m e n o lo g ic a l ly  m o re  v ia b le  c o m p a re d  with ila 
o th e r  tw o  f o n n s  (3 1 )  a n d  (3 4 ) . In v a r ia b ly , it is a ls o  n ea re r tu the 
e x a c t re s u lts ,  n o t (3 1 ) .
L e t u s  n o w  s tu d y  th e  e f f e c ts  o f  h ig h e r  tw is t  te rm s  using  
a n a ly s is  o f  R e f. [2 8 ] . T o  th a t e n d , w e  d e f in e




. 1 0 0 , (^ Ki
a n d  p lo t it in  F ig u r e s  4 (a , b ) , w h ic h  sh o w  th a t percen tag e  oi 
h ig h e r  tw is t  e f f e c ts  [281 o f  th e  C C F R  d a ta  u s in g  c q . (3 0 ) loi iIk
le a d in g  tw is t  te rm . It s h o w s  th a t fo r  -  1 0  G e V ^ , v - OhS 
[F ig u re s  4 a ]“ H T c a n  b e  a s  la rg e  as  46% w h ile  lo r  -  1 00  GeV 
a n d  fo r  th e  s a m e  v a lu e  o f  x [F ig u re  4 bJ it b e c o m e s  as  low as (v  ^
O n  th e  o th e r  h a n d , fo r  lo w e r  .r, a =  0 .4 5 , H T  c f lc c l in the  same Q 
ra n g e  v a r ie s  o n ly  b e tw e e n  4%-5%.
Figure 1. x F^  ^  v.v foi x > 0 45 using (30) of the text (da.shed curves) 






Figure 4. Q-) vs x as defined in (38) of the text for ~ (a) 10 OeV-
and (b) 100 GeV- respectively.
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Wc now  c o m m e n t o n  th e  a p p lic a t io n  o f  th e  G L S  su m  ru le  in 
ih c  present a n a ly s is .  In  o r d e r  to  g e t  in f o r m a t io n  a b o u t  th e  
i^iucuirc fu n c tio n  xF^ o v e r  th e  e n ti re  jc -ran g e  f ro m  th e  G L S  su m  
rule ^37), le t  u s  d iv id e  th e  Jc -ran g e  in to  th r e e  r e g im e s - lo w  
(0 < A < a), in te rm e d ia te  (a<x<b)  a n d  h ig h  {h<x<\).  s o  th a t 
(37) yield
xF^ (x,t)  ^ ri x^F^ ix. , f‘ 0
Jo A- : 3 | l -
3 A,
(39)
A ssu m in g  th e  v a l id i ty  o f  ~ [1 6 ] a n d  ~  (t^t) is
low I an d  h ig h  x  re g im e s  re s p e c tiv e ly , th e  fo l lo w in g  fo im  o f  th e  
structure fu n c tio n  a p p e a r s  r e a s o n a b le
with
;ind
+ j  +  C ( j r ,0 ^ y j
f  A{x) dx = 3 ,
Jit
f  fi(x )< /jr  =  - [  F^(x,lo)dx,Jii JO
rh rl 9i4#






B esid es  thcse»  A(x), B(x) a n d  C (a ) s h o u ld  a ls o  sa t is fy  th e  
Itillow ing c o n d it io n s
A(a) - 4  0 fo r  b< X <a . (44)
^(a ) —>0 fo r  a >/?, (45)
C (x , t )  —» 0 fo r  A <  . (46)
To fin d  th e  e x a c t  fo rm s  o f  A (a ), B { x ) a n d  C{a , t) d e f in e d  in  
<40) w ith  c o n d it io n s  ( 4 4 ) - (4 6 )  a rc  b e y o n d  th e  s c o p e  o f  p re s e n t  
p ertu rb a tiv e  a n a ly s is .  M o r e o v e r  to  d o  th is , o n e  a ls o  n e e d s  th e  
exact n u m e r ic a l v a lu e s  o f  a a n d  b a s  o c c u r r e d  in  (3 9 ) . F ro m  
rC F R  d a ta  w e  c a n  o n ly  r o u g h ly  in f e r  th a t a < 0.0015 w h ile  
h-0.55.
4. Conclusion and comments
In this p ap er, w e  h a v e  p ro p o s e d  th e  a p p ro x im a te  fo rm  o f  so lu tio n  
ol D G L A P  e q u a tio n s  a t  h ig h  x a n d  a p p lie d  th e  fo rm a lis m  to  an  
‘inalysis o f  th e  n e u tr in o  s t ru c tu r e  fu n c t io n  xF^ (x, Q^) a t h ig h  a . 
Wc h av e  c o m m e n te d  o n  th e  u n iq u e n e s s  o f  th e  so lu tio n s . U s in g  
(jro ss  L le w e lly n  S m ith  s u m  ru le ,  w e  h a v e  a ls o  s u g g e s te d  a  
p h e n o m e n o lo g ic a l fo rm  v a lid  in  th e  e n ti re  x  ra n g e . H ig h e r  tw is t 
c llc c is  h a v e  a ls o  b e e n  a n a ly s e d  in  th e  p r e s e n t  w o rk . F ro m  
p h e n o m e n o lo g ic a l p o in t  o f  v ie w , th e  s u g g e s te d  fo rm  (3 0 )  se e m s  
to fa ir b e t te r  th a n  ( 3 1) a n d  (3 4 )  s u g g e s te d  e a r lie r .
It is however, interesting to note that the known asymptotics 
DGLAP equations (34) conform to the present one (30) at
Aj [3 + 4 In (I-A )]= = -l. (47)
I t c o r re s p o n d s  to  a =  0 .9 0  w ith  A/^  =  4. B o th  th e  p re d ic t io n s  
d if fe r  w ith in  10%  in th e  r a n g e r  ~ 0 .S 8  - 0 .9 2 .
L e t u s  n o w  m a k e  a  few  c o m m e n ts . In  re c e n t y e a rs , th e re  a re  
a n a ly s is  o f  xF^ a t th e  n e x t to  le a d in g  o rd e r  (N L O ) a s  w e ll a s  n ex t 
to  n e x t  to  le a d in g  o rd e r  (N N L O ) [3 2 -3 4 J . In  th e  l ig h t o f  su c h  a  
p ro g rtsss , it is m e a n in g fu l to  c o n c lu d e  w ith  th e  p h y s ic s  is su e , 
c le a r ly  b ro u g h t o u t in  th e  p re s e n t  w o rk . W e h a v e  s h o w n  th a t 
th e  a sy m p to t ic s  o f  D G L A P  e q u a tio n  d e p e n d s  c ru c ia lly  o n  th e  
b o u n d a ry  c o n d it io n s , so  m u c h  so  th a t a lte rn a t iv e  a s y m p to t ic s  
o th e r  (h an  th e  tr a d it io n a l ly  k n o w n  o n e  (3 4 )  c a n  be  o b ta in e d , 
w h ic h |b o n fo rm  to  d a ta  as  w e ll as  to  e x a c t re s u lts  in a  re a s o n a b le  
w ay. 1
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